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Abstract 

We constructed the pp-wave limit of N = 4 superconformal mechanics with the off-shell 
(3, 4, 1) multiplet. We present the superfield and the component actions which exhibit 
the interesting property that the interaction parts are completely fixed by the symmetry. 
We also explicitly demonstrate that the passing to the pp-wave limit can be achieved by 
^ ; keeping at most quadratic nonlinearities in the action of (super)conformal mechanics. 



1 Introduction 



The simplest example of the famous AdS/CFT correspondence [TJ, which relates the string 
theory on AdS p+ 2 x S D ~ P ~ 2 to extended superconformal theories in p+1 dimensions, is provided 
by the theory of a 0-brane on AdS2 x S 2 . Owing to the AdS/CFT conjecture, the action 
describing the motion of a super 0-brane in AdS2 x S 2 background should be related to the action 
of N = 4 superconformal mechanics with SU(1, 1|2) superconformal symmetry. The first step 
toward establishing this relation was done in [2j where it was shown that the radial motion of a 
superparticle with zero angular momentum near the horizon of an extreme Reissner-Nordstrom 
black hole is described by an Osp(l\2) superconformal mechanics. A proper accounting of the 
angular degrees of freedom brings us to a new variant of N = 4 superconformal mechanics [3] 
containing three physical bosonic fields in its supermultiplet (i.e. the radial AdS2 coordinate and 
two angular coordinates parameterizing S 2 ). A Green-Schwarz-type action for the AdS2 x S 2 
superparticle was constructed in After a proper gauge-fixing, the corresponding action can 
be related with N = 4 superconformal mechanics [5J E] • 

Apart from AdS p+ 2 x S D ~ P ~ 2 and flat space, there exists another maximally supersymmetric 
background - i.e. the pp-wave background [7j. One of the nice features of the pp-wave back- 
ground is that string theory can be solved exactly on it Therefore, it is obviously interesting 
to understand the role of AdS/CFT duality in the Penrose limit. Usually, the pp-wave limit 
is considered on the "string" side (see e.g. [Oj and references therein), while the "conformal" 
side is much less understood JT0]- In this respect, the N = 4 superconformal mechanics, being 
equivalent to a super 0-brane in AdS 2 x S 2 background, provides a nice and simple toy theory 
to fully understand what happens in the pp-wave limit on the "conformal" side. Our aim in 
this work is to construct the pp-wave limit of N = 4 superconformal mechanics. 

The most convenient framework for constructing superconformal quantum mechanics with 
extended supersymmetries is based on nonlinear realizations of d — 1 superconformal groups. 
1 . It was pioneered in [T3] and recently advanced in [3J [T3J US] . In the present paper we apply 
this method to consider nonlinear realizations of the pp-wave limit of the conformal supergroup 
SU(1, X 1 2) . In this way we re-derive the off-shell multiplet (3, 4, 1) JE] which is still useful in 
the pp-wave limit and construct nontrivial off-shell superfield actions. 

The paper is organized as follows. In Section 2 we demonstrate how the nonlinear realiza- 
tions technique works in the bosonic case by considering AdS2 x S 2 conformal mechanics in 
the pp-wave limit. In Section 3 we present N = 4 superfield formulations of N = 4 pp-wave 
superconformal mechanics. The last Section is left for the summary and conclusions. 

1 We recall that superconformal quantum mechanics is also closely related to the integrable Calogero-Moser- 
type systems ^] El ■ 
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2 Conformal mechanics in the pp-wave limit 

2.1 Conformal mechanics on AdS2 x S 2 

We will start with conformal mechanics on AdS 2 x S* 2 . The symmetry underlying this case is 
so(l, 2) © su(2) 

z [£>, P] = P, z [P, K] = -K, i [P, AT] = -2D so(l, 2) 

i[y 3 ,y] = -y, i[V 3 ,F]=F, i[V,V\=2V 3 su(2). (2.1) 

We will be interested in the nonlinear realization of SO(l, 2) x SU(2) in its coset space SO(l, 2) x 
SU(2)/U(1) ~ AdS 2 x S 12 . There are different choices for the parametrization of this coset (see 
e.g. 0) which are actually equivalent, but the simplest one is provided by 

g = jtPjZK^D^V+iW (22) 

The coset parameters {U,Z, $,$} are Goldstone fields depending on the time t. In order to 
construct an invariant action, one should calculate the left-invariant Cartan forms which are 
defined in a standard way 

g~ dg = iujpP + ituoD + iujkK + iujyV + iujyV + u 3 V s (2.3) 

and explicitly read 

Up = e~ u dt, uj D = dU - 2Zdt, uj k = e u (dZ + Z 2 dt) , 

dk _ dk kdk - kdk . . 

u v = ~ u v = - -=, u 3 = — , (2.4) 

1 + AA 1 + AA 1 + AA 

where 

tanv / ¥$ — tanv / ¥$ — 

A = r^®' A = • ( 2 - 5 ) 

The transformation properties of the time t and fields {U, Z, $, $} under the group SO(l, 2) x 
SU(2) are generated by the left action of the coset element. For example, the SU(2)/U(1) 
coset transformations are generated by the left action of the element 

gi = e ^v+iaV (2.6) 

and read 

5A = a + aA 2 , 5k = a + ok 2 . (2.7) 

Let us note that the Cartan forms up, u>d and ujk are invariant with respect to SO(l, 2) x SU (2) 
transformations. So we can reduce the number of independent fields using the Inverse Higgs 
constraint [T7j 

u D = => Z = . (2.8) 
Now we can write the most general invariant action as 

S ml = K jdt (-. K + omV + /3V,AV,^ F + r„n^) , (2.9) 



where the covariant derivatives of the fields A and A are defined as 

uj v = u P \7 t A ^ fVtA = e"^ 
u v = upV t k " I v t A = e w -4x 

k 1 l+AA 



(2-10) 



The parameters a, (3, 7 are dimensionless, while k 1 and the constant m have the dimension of 
mass [cm" 1 ]. Explicitly, the action ()2.9j) reads 



S C onf = k I dt\-e u U 2 + am 2 e- u + (3e u AA _ + ijm AA ^ ) . (2.11) 
' 1 4 H (l + AA) 2 [ l + AA j y 1 



This action combines the action of conformal mechanics ^8] and that of a charged particle 
moving in the field of a Dirac monopole. With a specific choice of the values of the arbi- 
trary coefficients a,/3 and 7, the action (|2.11|) coincides with the bosonic sector of = 4, 8 
superconformal mechanics [3 EH] • 

2.2 Conformal mechanics in the pp-wave limit 

Our strategy is as follows. Firstly, we construct the pp-wave limit for the so(l, 2) © su(2) 
algebra and then repeat all steps to find the invariant action. 

In order to find the pp-wave limit of the so(l,2) © su(2) algebra [TP] , we define the new 
generators P±,Px, instead of P, K, V3, as follows: 

P± = - (P + m 2 K) ± imV 3 , P x = - (K - m~ 2 P) , (2.12) 

where the constant m has the same dimension [cm -1 ] as before. We also make the following 
rescaling of all generators: 

p+ -> n 2 p + , p_ -> p_, (Px, d, v,v} -> {nPi, nD, nv, nv} . (2.13) 

The pp-wave limit corresponds to the limit Q — > and the algebra (|2.1j) is reduced, in this 
limit, to 

z[P_,P]=m 2 P 1 , i[P 1 ,D] = ^P + , i[P u P_]=D, 

i [P_, V] = mV, i [P-,V\ = -mV, i[V,V\= — P + . (2.14) 

Now, as we did in the previous subsection, we consider a nonlinear realization of the pp- 
wave group, with the algebra (|2.14jl in its coset over the central charge P + , with an element 
parameterized as 

g = e itP- e iuD e izP le i4>V+iW _ ( 215 ) 

A left shift of the pp-wave group element (|2.15jl by 

g 2 = e i*P- e *D e icPy e ifV+iJV (2.16) 
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induces the following transformations: 



5t = a, 5u = bcos(mt) H sin(mt), 5z = — mbsm(mt) + ccos(mt), 5(f) = fe %mt 

The left-invariant Cartan forms are given by the following expressions: 
U- = dt , ujd = du — zdt , uji = dz + m 2 udt , 

1 / n Z 2 . , -\ , 1 , i 



(2.17) 



/J. \ Mi- 



u* + — 4 

777/ 



ay = d(f> + im (j) dt , lj v 



dt -zdu + 

2m 2 2m 

^ — im 6 dt . 



(2.18) 



Let us note that all coset forms are invariant with respect to ()2.17j) . while uo + is shifted by a 
full differential 



5u+ = d 



1 i _■ - 

(mbsmOmt) — ccos(mt))u H (fe~ imt (j) — fe 

2m 2 2m v 



irnt 



After expressing the field z in terms of u 

u D = 

we can write the invariant pp-wave action 



z = u 



S pp = k J dt \—m 2 uj + + puJi + a V^Vi^ + fi m 2 U- + v m cuy + v m toy] 

where 

Vt4> = 4> + im <p , Vf0 = — im 4> ■ 
Explicitly, the action 1)2.21)1 reads 



(2.19) 
(2.20) 

(2.21) 
(2.22) 



dt 
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/ • 2 2 2 

[u — m u 



) — m 2 (p(f) + 



im / - 



m 2 pu 



— im 



+ m 2 <\)<\) ) + /i m 2 + iv m 2 (j) — iv m 2 <; 



(2.23) 



The action 1)2.23)1 is the most general invariant pp-wave action we could construct. 

Before comparing this action with the conformal invariant action on AdS2 x S 2 (12.11)) . we 
wish to make some comments. First of all, the last two terms in ()2.23)) cannot be obtained by 
any reduction procedure from the action ()2.11j) . Their appearance in the pp-wave action ()2.23j) 
becomes admissible, due to the reduction of the U(l) symmetry generated by the V3 generator 
to the central charge P + in the pp-wave algebra ()2.14j) . Thus, in order to compare with the 
AdS 2 x S 2 action, we will put v = 0. Secondly, we introduce the new fields A, A 



A = e imt (f), A 



-imt ' 



and rewrite the action 1)2.23)1 (with v = 0) as 

'1 



Spp — Ki I dt 



- (it~ — m'W 
4 v 



) + — ^AA — AAj + pm 2 u + aAA + pm z 



(2.24) 



(2.25) 



4 



Let us stress that in the pp-wave action (|2.25|) the mass term for the field u and the WZW 
term come, together with the kinetic term for u, from the same Cartan forms cj_. As a result, 
the mass of field u and the coupling constant in front of the WZW term are completely fixed. 

Now, comparing the pp-wave action ()2.25|) with the AdS2 x S 2 action (|2.11jl . one may 
conclude that all terms in the pp-wave action can be obtained from the AdS2 x S 2 one by 
keeping there only terms at most quadratic in the fields. Additionally, in order to have exact 
matching, we have to restrict the arbitrary coefficients, which are present in both actions, as 
follows: 111 1 

a = _ 2' 7= 2' P= 2' a = f3, /i = ~2' (y2 ' 26 ^ 
Thus, we conclude that the net effect of taking the pp-wave limit in conformal mechanics 
consists in reducing all nonlinearities to quadratic ones, together with fixing the value of some 
otherwise arbitrary coefficients in the action. Let us note, however, that such a fixing of the 
coefficients is not really needed. The actions (|2.11j) and (J2.25|) are invariant with respect to 
so(l, 2) © su(2) and pp-wave algebra (|2.14|) transformations respectively, without any fixing of 
the coefficients. The relations between coefficients appear only if we wish to get the pp-wave 
action from AdS^ x S 2 one. 

So, in the pp-wave limit the theories on both sides, i.e. the "string/particle" and the 
conformal mechanics side, contain at most quadratic interaction terms, which represent indeed 
mass terms for some fields and WZW terms. In the next section we will demonstrate that the 
same conclusion is still valid in the supersymmetric case. 



3 N=4 superconformal mechanics in the pp-wave limit 

The construction of N = 4 superconformal mechanics in the pp-wave limit is similar to the 
general consideration of N = 4 superconformal mechanics, which can be found in [3| . Precisely, 
we will start with the superconformal algebra su(l, 1|2) and pass to its pp-wave limit in two 
steps 2 

• Firstly, we redefine the bosonic generator as in ()2.12|) and the spinor generators as 

Q l = \ {Q 1 ~ ^S 1 ) , Q 2 = ~ (Q 2 + imS 2 ) , 

S 1 = -L (Q 1 + imS 1 ) , S 2 = -L (Q 2 - imS 2 ) (3.1) 

£l\ I b III 

• Secondly, we rescale the bosonic generators as in (|2.13J) and the spinor ones as 

Q* -> Q l , S*-+ QS l (3.2) 

and consider the limit Q — » 0. 
2 We use the notation of |3J. 
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Finally, we get the following pp-wave superalgebra (together with (|2.14j) ): 



D,Q 



Q\Q; 



-mS 1 , 



P_,S 2 



mS 



-imS 



V, Q 2 



2 ' 



Pi,Q 2 



imS l AQ\S 



-s 2 , 



-iV, 



-iV, \ Q\ S 1 \=iD + mP x , { Q 2 , S 2 = -iD + mP 1 



-m- 2 8)P+. 



(3.3) 



Next, we shall construct a nonlinear realization of the pp-wave supergroup with superalgebra 
(|2.14|) . (j3.3|) on the coset superspace parameterized as 



g = e itP - e 9 iQ 1 + 81 Q le - t l>iS l +->P l Si e iuD e izPi e i<f>V+i<f>V 



(3.4) 

Now, the coordinates t, 9i, 8 l parameterize the N = 4, d — 1 superspace, while the rest of the 
coset parameters are Goldstone superfields. 

The transformation properties of the coordinates and superfields are generated by acting 
on the coset element ()3.4|) from the left with the elements of the pp-wave group. The N = 4 
super Poincare transformations are generated by the element 



g = exp [exQ 1 + e l Q,, 



They read 



and all superfields are scalars. 

The transformations under S-supersymmetry are generated by the element 



gi = exp [etS 1 + tS 
and have the following explicit form: 

Su = -9% + 6% + ej 1 - e 2 T, 5z 



(3.5) 
(3.6) 

(3.7) 



-im 



~1 



9 ei — 9\t , 5ifji = e± — m6x0 2 e , 5ifj 2 = e 2 — m6i6 2 i , (3. 



where 



e x = eie 



ivat ~ 



e 2 = e 2 e 



-imt 



t = t + -e i e i . 



(3.9) 



Since all other super pp-wave group transformations appear in the anticommutators of Poincare 
and S supersymmetries, it is sufficient, when constructing the action, to require invariance under 
these two supersymmetries. 

In what follows we will need the explicit structure of several important Cartan forms, defined 
in a standard way as g~ x dg 
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dt + - {e l de i + e l d6i) = At, 



uj d = du - zAt - ipxdO 1 + i) 2 dQ 2 + ^dOx - tp 2 d9 2 , 

oj v = d(f) + imcpAt + i) 2 dB x - $ 1 d6 2 , uj v = d<p - imcpAt - ^ 2 d6x + ipxdO 2 . (3.10) 
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Now we may define covariant spinor derivatives as 

D i = A + l -e%, a = A + i^ t , {a, a} = tfja . (3.ii) 

Prior to constructing the invariant action, one should impose proper irreducibility con- 
straints on the N = 4 superfields. The basic idea for finding the appropriate constraints is the 
same as in the case of superconformal mechanics [3] : we impose constraints such that our basic, 
low-dimensional bosonic superfields u, <f), <p contain among their components only four fermions, 
which should coincide with the first components of the spinor superfields These invariant 

conditions represent a particular case of the Inverse Higgs effect ^7] and can be written as 

ujo = , iOy \— , ujv\ = , (3-12) 

where | denotes d9 and d6 projections of the forms. Explicitly, the constraints (J3.12)) read 

B x u = -D 2 (f) = ip 1 , D 2 u = D l (f) = -i? , L>V = D 2 (j) = 0, 

D lU = -D 2 <p = -V>i, D 2 u = D x <f> = i) 2 , D 2 <p = D l( j) = 0. (3.13) 

After introducing a new N = 4 "vector" superfield V 1 ^ via 

V 11 = tV2(j), V 22 = -iV24>, V 12 = -^=u, W = Vij (3.14) 

V 2 

the constraints ()3.13|) can be brought in the familiar form 

D (iyjk) = o ^ -fiiiyjk) = q _ ( 3 _ 15 ) 

The superfield subject to ()3.15|) is recognized as the N = 4,d = 1 tensor multiplet [THl El 
with (3,4,1) off-shell components content. Of course, in the present case the explicit su(2) 
invariant form of constraints is a fake, because in the pp-wave limit the su(2) symmetry is 
broken down to the algebra 

i [V,V] = -m- 1 P + (3.16) 

with P + being a central charge. Let us note that it is quite natural to have the same N = 4 
tensor multiplet as in the case of the N = 4 superconformal algebra [3 , also in the case of its 
pp-wave limit. The reason for this is evident: as we showed in the bosonic case in the previous 
Section, passing to the pp-wave limit means keeping only at most quadratic nonlinearities in the 
Lagrangian, provided that the fields have been chosen properly. Now, in the supersymmetric 
case we see that constraints linear in the superfields are preserved in the pp-wave limit. Thus, 
it is natural to suggest that the invariant superfields Lagrangian should be related with the full 
N = 4 superconformal one in the same way as in the purely bosonic case. Now we are going to 
demonstrate that this is really so. 

The invariant superfield action consists of a superfield kinetic term and a superpotential. 
As in the N = 4 superconformal mechanics case [H], the kinetic and potential terms are easier 
to write in iV = 2 superspace, let us say the one with coordinates {t,9 2 ,9 2 }. The analysis of 
the constraints (J3.13)) shows that in the 6\, 9 l expansion of the iV = 4 superfields u, <p, <f), only 
the 6>i = 9 1 = components of each superfield are independent N = 2 superfields Let us 
denote these superfields as 

u\ = v, (j) 1= p, = p, D 2 p = D 2 p = 0, (3-17) 
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where | indicates the 9\ = 9 1 = restriction. 

The transformations of the implicit N = 2 Poincare supersymmetry generated by Qi,Q l 
have the following form, in terms of these N = 2 superfields: 



5v = e\D 2 p + e l D 2 p , 5p = s l D 2 v , 5p = —e 1 D 2 v , 
while under S-supersymmetries they transform as 

£„. , 7\2 —irat , — 2n „imt r_ — In —imt r— 7\2 „imt 

ov = —e 2 9 e + e u 2 e , op = e v 2 e , op = e 



(3.18) 



(3.19) 



The kinetic and potential terms which are independently invariant with respect to the 
implicit N = 2 Poincare supersymmetry ()3.18|) can be easily found to be 



S kin = A J dtd 2 9 2 (D 2 vD 2 v + D 2 pD 2 p) 
S pot = B J dtd 2 9 2 (v 2 - 2pp) . 



(3.20) 
(3.21) 



So, the sum of the actions (|3.20j) and ()3.21|) possesses iV = 4 super Poincare supersymmetry. 
Finally, one should check the invariance of the actions with respect to (|3.19j) . After doing so, 
one can conclude that only the sum of Skin and S pot possesses this symmetry, provided that 



2B = mA. 



(3.22) 



Thus, the invariant action of N = 4 superconformal mechanics in pp-wave limit has the following 
form (with A — k): 



Ss-pp — k I dtd 2 9 2 



D 2 vD 2 v + D 2 pD 2 p +j{v 2 ~ 2pp) 



(3.23) 



without any arbitrary coefficients besides m. The invariance with respect to pp-wave supergroup 
strictly fixes all possible interacting terms. 

It is instructive to rewrite the action (J3.23|) in terms of components fields, which can be 
defined as 



v\, *p = tD 2 v\, if> = iD 2 v\, A= [D 2 ,D 2 ]v\, £ = D 2 p\, £ = D 2 p\ 



(3.24) 



where | means 9 2 = 9 2 = 0. Integrating over 9 in (|3.23j) and eliminating the auxiliary field A 
by making use of its equation of motion, we end up with the following action: 



Ss—pp — K I dt 



1 m vm ' — ' — — 

-v 2 - — v 2 + pp+ — (pp- pp) + iipip + iff + m (ipip - 



(3.25) 



Finally, one can conclude that in the fully supersymmetric case the pp-wave action represents 
a limiting case of the N = 4 superconformal mechanics action, where only nonlinearities at most 
quadratic in the superfields survive. 
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Conclusion 

Motivated by the interest in understanding the role of AdS/CFT duality in the Penrose limit, 
whose " conformal" side has received so far much less attention than the corresponding " string" 
side, we constructed in this paper the pp-wave limit of N = 4 super conformal mechanics 
with the off-shell (3, 4, 1) multiplet. We showed that this multiplet can be described by a 
properly constrained Goldstone superfield, associated with a suitable coset of the nonlinearly 
realized N — 4, d — 1 pp-wave supergroup. We presented the superfield and the component 
actions, which exhibit the interesting property that the interaction part is completely fixed 
by symmetry. Moreover, for the pp-wave case, the kinetic and potential terms are invariant 
only when taken together, as a linear combination of the two terms, provided the value if their 
relative coefficient is appropriately set. We also explicitly demonstrated that the passing to 
pp-wave limit can be achieved by keeping at most quadratic nonlinearities in the action of 
(super) conformal mechanics. 
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